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1 Introduction 

Discrete Painleve equations are studied from various points of view as inte- 
grable systems [21, |Zj- They are discrete equations which are reduced to the 
Painleve differential equations in a suitable limiting process, and moreover, 
which pass the singularity confinement test. Passing this test can be thought 
of as a difference version of the Painleve property. The Painleve differential 
equations were derived as second order ordinary differential equations whose 
solutions have no movable singularities other than poles. This property is 
called the Painleve property. The singularity confinement test has been pro- 
posed by Grammaticos et al. as a criterion for the integrability of discrete 
dynamical systems fl\. It demands that singularities depending on particu- 
lar initial values should disappear after a finite number of iteration steps, in 
which case the information about the initial values ought to be recovered. 

H. Sakai constructed all difference Painleve equations from the point of 
view as algebraic geometry jH]. Surfaces obtained by successive blow-ups of 

X have been studied by means of connections between Weyl groups and 
groups of Cremona isometries of the Picard group of surfaces. The Picard 
group of a rational surface X is the group of isomorphism classes of invertible 
sheaves on X and is isomorphic to the group of linear equivalence classes of 
divisors on X. A Cremona isometry is an isomorphism of the Picard group 
that i) preserves the intersection number of any pair of divisors, ii) preserves 
the canonical divisor JCx and iii) leaves the set of effective classes of divisors 
invariant. In the case where eight points in general positions are blown up in 

X , the group of Cremona isometries of X is isomorphic to an extension 
of the Weyl group of type E^^ . Birational mappings on P^ x P^ are obtained 
by subsequent blow downs. Discrete Painleve equations are recovered as the 
birational mappings corresponding to translations of affine Weyl groups. 
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Discrete Painleve equations were classified on the basis of tlie types of 
rational surfaces connected to extended affine Weyl groups and some new 
equations were discovered in the process. See Table [H 



Table 1: Classification of generalized Halphen surfaces with dim |— /Cx| = 



type 



7T^ 



surface (symmetry) 



Elliptic type 
Multiplicative type 



Additive type 



^0 (-^8 ) ^1 ; ^2 ; ^3 

|a|2=14 



^7 



|a|2 



A?*{Ei'^) 



|aP=4 
.(1)^ 4(1) 



E^\Al)El{A^l^)Ei\A^^^ 



These equations are organized in a degeneration pattern obtained through 
coalescence. The ■'-surface discrete Painleve equation {dP{Al^^)) is the 
most generic one among these, because the equation has Weyl group sym- 
metry of type E^^ and any of the other discrete Painleve equations can be 
obtained from this equation by limiting procedure. The form of this equa- 
tion is however very complicated as its coefficients are described in terms of 
elliptic functions 0, [HI- 

Kajiwara et al. presented a r function formalism for the elliptic discrete 
Painleve equation jl]. They gave an explicit form of dP{A^Q'') based on this 
formalism. 

In this paper a new representation of dP{A^Q'*) based on total transforms 
is presented. Kajiwara et al.^s form is described in terms of coordinates in 
P^, while our form is described by means of x P^. Both descriptions are 
related by a bitational transform jSj. However, as in our construction all 
eight points (that are blown up in x P^) appear in a symmetric way, the 
symmetries of (iP(^o^'*) are immediately apparent. 

In Section 121 we present the representation of dPlAl^^). In Section OHHl 
we present expressions for other discrete Painleve equations, obtained in a 
similar way. This is made possible by the fact that the limit process is a 
projective transformation of dependent variables. 
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Consequently, it can be seen that knowledge of the blow-up of eight points 
in X and of a trivial solution on a curve passing through these points 
allows one to construct a discrete Painleve equation in explicit form. 

2 Aq^^ -surface 

In this section, we give a new representation of the Ag^^'-surface discrete 
Painleve equation {dP{Al^^)). First we present some useful notation. 

We construct the Ag^-'-surface by blowing up P^ x P^ at eight points Pi {i = 
1,...,8). There exists an elliptic curve that passes through generic eight 
points. We parametrize these eight points and the curve as follows: 

{fi9o + fo9i + pi2t)fogo){Ap{2t)figi - g^hgo) 



figi + pi2t){f^go + fogi) + j 



(2.1) 

P^ ■■ ifo^ ■■ /i„ 9o^ : 9u) = (1 : Pih + t), 1 : p(t - h)) = 1, . . . , 8). (2.2) 

Here (/oj, fii,goi,gii) depend on a variable t: 

(/oi, fii, 9oi, 9ii) = ifoiit), fii{t),9oiit),gii{t)) (i = 1, . . . , 8). 

We then define the following points: 

(/oi, fii, 9ou 9ii) = ifoiit), fu{t}, 9oi{i), 9u{i)) (i = 1, . . . , 8), 
ifoi^, fu, 9oi^, 9u) = {foiit),fiiit),9ot{t),9u{t)) (i = 1,...,8), 

where t = t + A, t = t — A, A = | J2t=i 

The -'-surface discrete Painleve equation {dP{A^f^^)) has the following 
trivial solution moving on the elliptic curve ()2.H) |5j: 

(/oc, /ic, 9oc, 9ic) = (1, Piq + 2tVA + t),l,pit-q- 2f/\)) , (2.3) 

where g is a constant determined by the initial condition. We define the 
following points: 

{focJic,9oc,9ic) = {foc{t)Jic{t),9oc{i),9ic{t}), 

{f0cJlc,90c,9lc) = {f0cit),flcit),9Qcit),9lcit))- 
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We now introduce the vectors 

W4,l(/o,/l,5'0,fi'l) 

= * ( /i^si /o^/i^fli fo^figi fo^gi fi^go /o/i^so fo^h^go /o^/iso /o*9o ) , 

V = W4,i(/o, /i,5'o,5'i), V = W4,iifoJi- go- gi)- 

U = W4,l(5^o,5'l,/o,/l), U = W4j(5(o,fi'i,/o, A), 

Ui^'W4^ii9oi,9u,foi,fii), Ui ^ 'W4^i{goi, gii, foi^, fu) (^ = l,---,8), 

^^c = W4,l{f0c: he, 90c, gic): = W4,l{foc: he: ^"Oo ^Ic), 

Uc = W4,l{g0c: gic: /0c> he): = 'ti'4,l(^0c> 5lc> /oc> Ac)" 

«'3,l(/o,/l,5'0,5'l) 

= * (/i^S'i foh^gi /oViS'i /o^s'i /i^ffo /o/i^s'o fo^hgo /o%) , 

0i = W3,l{f0i: hi: ^Oj, i/lj), 0j = W3,l{foi: hi: ^Oj, ^Ij), 

A^Ws^l(g0i:gU:f0i:hi): A ^ W^^ligOi: gii: foi: fu) (i = l,...,8). 

We describe the following theorem by using these vectors. 
Theorem 1. can be written as 

dct {V, Vi, V2, V3, V4, V5, Vq, Vj, Vs, fc) dct {v , V'l, V2, V3, V4, V5, Vq, V\, V's, Vc) 

= det (01, 02, 03, 04, 05, 06, 07, 08) det (0i, 02, 03, 04, 05, 06, 07, 08) 
8 8 

X n (fochi - hcfoi) X (^oc^i - ^ic^o) (^oc^i - ^ic^o) n '^hih - hifo) , 

i=l 1=1 

(2.4a) 

det {u, ui, U2, Us, U4, U5, ue, ur, Ug, Uc) det {u, ui,U2, u^, 114, u^, uq, uj, ug, Mc) 

= det {lpi,1p2, 1p3: V'4, 1p5: V'6, V'7, V's) det (^i>i, ^2, i>3, ^4, ^5, V'6, V'7, ^s) 

8 8 

X n (fOc^li - flcfOi) X (/o Ji - /ic/o) (/Oc A ~ Ac :^o) n ^^0^^ ^ ~ ^Ugo) ■ 
i=l i=l 

(2.4b) 
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For later use, we calculate the determinants C and D given by: 

C = det (01, 02, 03, 04, 05, 06, 07, 08) det (0i, 02, 03, 04, 05, 06, 07, 08) 

i=l 



D = det (t/'i, t/'2, ^3, ^4, il^b, ^6, ^7, V's) det ( ^i, ^2, ^3, ^4, ^b, ^6, ^7, ^8 
8 

n ^90c9m - 9ic90i) , 



X 

1=1 



(2.5b) 



for which we find: 
C 



a(4t) V(4t + 2A)4 ni,i=i,...,8 fT(6, ~ 6,)2 

i<j 

a(g + 2t2/A + t)i6 
cT(g + 2tVA - 6i)a(g + 2tVA + 6i + 2t) 



(2.6a) 



X 



D 



(j(4i) V(4i - 2A)4 n^J=i,...,8 (T(6i - bjf 

i<j 

a{t-q-2tyxy<^ 

a{q + n^jX - bi)a{2t -q- It^jX - k) 



(2.6b) 



X 



n 



1 a{t-b,y'a{b, + tfa(b, + t-\y' 



Remark 2.1. We can parametrize an isomorphism class of surfaces by using 
the period mapping. The period mapping maps the elements of the second 
homology to C. 

Let a; be a meromorphic 2-form on X with div(a;) = —D. Then ou deter- 
mines a period mapping x '■ H2{X—D, Z) — > C which sends F e H2{X—D, Z) 

to j^UJ. 

Now, there exists a short exact sequence: 

^ Hi{D, Z) ^ H2{X -D,Z)^ Q{Ei'^) ^ 0, 

8 

where Q{E^^) — "^^Zai is the root lattice of type Eg \ So we obtain the 

i=0 

mapping 

X:Q{E^'^)^C mod x(^i(AZ)) 
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through the period mapping In this case, the paramctrization is 

x(Qii) = -4t, = bi + b2 + 2t, x{oii) = bi-bi_i {i = 3,...,7), 

Xias) = 62 - bi, x(ao) =b8- h. 

(2.7) 

Here Q{E^^) is reahzed in Pic(X) = H2{X,Z). And a^'s are represented 
by elements of the Picard group as follows: 

ai^ Hi- Ho, a2 = Ho - El - E2, ai = Ei_i - Ei (i = 3, . . . , 7), 
a^ — El — E2, ao = E-j — Eg. 

(2.8) 

We denote the total transform of fi = constant x /o, (or gi = constant x go) 
on X by Ho (or Hi respectively) and the total transform of the point Pi by 
Ei. The Picard group Pic(X) and canonical divisor )Cx are 

8 8 

Pic(X) = ZHo + ZHi + J2 ^^i' '^x = -^Ho -2Hi + J2 ^i, 

i=l i=l 

where the intersection numbers of pairs of base elements are 

{1 i = j. 
J. 

The generators of the affine Wcyl group W{E^^) — {wi {i = 0,1, . . . , 8)) 
will act on the total transforms. We give a representation of these actions 
that will enable us to construct dP{A^^). 

Wi:{Ho,Hi)^{Hi,Ho), 

W2 : {Hi, El, E2) ^ {Hi + Ho — El — E2, Hq — E2, Hq — Ei), 
Wi-. {Ei_i,Ei) {Ei,Ei_i) (i = 3, ...,7), 
w^: {Ei,E2) ^ {E2,Ei), 
Wo: {Er,Es) ^ {E8,E^). 

By taking a translation contained in W{E^'^), we obtain a nonlinear dif- 
ference equation. The translation can be described by a product of simple 
reflections wi. 

dP{A!^o^) ^Wior~^ owior: (2.9) 
{h, t, fo : /i, go ■■ gi) ^ {h, t + X,fo: fi, go ■■ §1) (i = 1, . . . , 8), 

i=l 
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where 



r = W2 O W3 O W4 O O Wq O Wr O Wq O Ws O W3 O W4^ O W5 O Wq O W7 O W2O 

O Ws O Wi O O We O Ws O Ws O W4 O W5 O W2 O W3 O W4O Wg O W3 O W2- 

(2.10) 

An element r of the affine Weyl group acts on these total transforms as 

8 

j=i 

Equation p.4a|l describes exactly this action. The following gives a presen- 
tation of the action of r on coordinates and parameters: 

r- ifo ■■ fi, go ■■ gi, foi ■■ hi, goi ■ gu) 

^ (/o : /i, go ■■ g\, hi ■■ hi, goi ■ gu) (2.12) 
= (/o : /i J go '■ gii /o(9-i) • fi{9-i)^ go{9-i) ■ gi{9~i))- 

For example, if we impose gocgii — g^go = in the equation ()2.4a|l . i.e. we 
impose gocgi ~ gicgo = on (/o : fi, go '■ §1) in the equation, we obtain 
dei{v,Vi,V2,Vz,Vi,Vr:„Ve,VT,Vs,Vc) = on (/o : /i, go : 5^1) as an equivalent 
condition. This expresses the action r: Hi ^ Hi-\- AHo — Yl^=i-^i- 
impose hih - hih = 0, goig\ - g'ugo = in the equation (I2.4al). i.e. we 
impose /o(9-i)/i - fi(9~i)h = 0, ^o(9-i)^i - gi(9-i)% = on (/o : /i, §0 ■ §1) 
in the equation, we obtain /o(9_i)/i - h{9-i)fo = on (/o : /i, go : fi-i). This 
expresses r: Ei Hq — Eg_i. 

If we decide the form of the equation in this way, an undetermined con- 
stant will remain. However the condition that the trivial solution ()2.3p (for 
arbitrary q) satisfies the equation completely determines the form of ()2.4|1 . 

Remark 2.2. We presented the dP{A^^) in ^ as follows. That is, in this 
section we have rewritten this expression. This system is equivalent to ell.P 
derived in [H]. The following 2x2 matrices represent PGL(2)-action on P^, 
i.e., w = (cd)-2^ means w = {az + b)/{cz + d). The y4Q^''-surface discrete 
Painleve equation is the following difference system for unknown functions 
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fit), 9{ty. 



g = M ^f, Cy, C8,t-^Y^ Q j M C5, CQ,t-^Y^ Q j 
X M (^f, C3, C4, t - ^(Ci + Cs)^ M(/, Ci, C2, t) ^, 

X M 1^^, da, o?4, t - ^((ii + 0^2)^ M(c/, di, d2, t) f, 

where g = g{t + A), / = fit — A) and 
M{h, Ki, K,2, s) 



(2.13a) 



(2.13b) 



X 



X 



2 / S-'V"" 2 
-1 1 

(/i - piK2)){p{2s) - p{2s - K2)){p{2s - ^) - p{2s - ^)) 

{h - p{ni)){p{2s) - p{2s - K^)){p{2s - ^) - p{2s - ^^)) 

1 -p(2s-Ki)\ 

1 -p{2s-K2)J' 

(2.14) 

Here 6j (i = 1, . . . , 8) arc constant parameters and wc set A = | Ylt=i ^i? ~ 
bi + t,di = t — bi. Note that we will regard {f{t),g{t)) as inhomogeneous 
coordinates of x P^. 

3 AQ^^*-surface 

We construct the Ao^^*-surface by blowing up P^ x P^ at eight points. These 
eight points and a curve through these points are 

fi'go' + foV - (t' + ^) fofigogi + [t' - ^) ' foV = 0, (3.1) 

Pi- (/o,:/i,,^Oi:^iJ= + + (i = l,...,8). (3.2) 

The ^o^''*-surface discrete Painleve equation {dP{A^^*)) has the following 
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trivial solution moving on the curve ()3.ip [S]: 

(/0c5 /ic) 5'Oc) fl'lc) 



2(logt)^ 



(3.3) 



where g is a constant determined by the initial condition. 
Using these expressions we formulate the theorem: 

Theorem 2. dP(A{,^^*) can be written in the form ^2.4\ )- 

Let q = 0, then the trivial solution ()3.3|) is 

(/oc,/ic,^?Oc,^7ic) = (0,l,0,l), (3.4) 

and C, D ((231) are 

C=(t'-^X (tt-^y n (b. - / f[bj , (3.5a) 

^ ^ ^ ^ i,i=l,...,8 / i=l 

4 Ag^''**-surface 

We construct the ylQ^''**-surface by blowing up x at eight points. These 
eight points and a curve on which these points lie are as follows: 

ifigo - kgif - 8t\fofigo' + fo'gogi) + i6tVo'^7o' = o, (4.1) 
Pi- {hr-fu,go^-gu) = {i-{h + t)\i:{t-h?) (z = l,...,8), (4.2) 

The 74Q^''**-surface discrete Painleve equation {dP{A^Q^**)) has the follow- 
ing trivial solution moving on the curve ()4.1|) |S]: 

(/oc,/ic,^7oc,^?ic) = (l, (g + 2tVA + t)', 1, (t-g-2tVA)'), (4.3) 

where g is a constant determined by initial condition. 
Theorem 3. dP(A{,^^**) can he written in the form \2.4^ . 



If g = oo the trivial solution ()4.3|) is 

ifocJic, 9oc, 9ic) = (0,1,0,1) (4.4) 

and C, D are 

C = 4096 t^(t + t)^ W {h-hjf, (4.5a) 

i<j 

D = AmQt^{t + ty W ipi-hjf. (4.5b) 

ij=l,...,8 

5 A^^^-surface 

We construct the A^^^-surface by blowing up x at eight points. These 
eight points and a curve through these points are 

(/i^7i-i'/o^?o)(/i^7i-/o^?o) = 0, (5.1) 



k) (^ = l,---,4). 



1 : hit, 1 : f 

Pi- {hi ■ fii, 90i ■■ 9ii) = O , 1 \^ / [ (^-2) 

l:6i, l:^j (z = 5, ...,8). 

The ■'-surface discrete Painleve equation {dP{A^p)) has the following 
trivial solution. 

(/oo/lofl'OoS'lc) = (0, 1, 1, 0) . 
Theorem 4. rfP(v4S^^) can be written in the form \2.4\ )- 
C, D (1231) are 



c=t'{i-t')\i~tt)' n (^^-^^■)' n (^^-^.)vn^- 

(5.3a) 



i,j=l,...,4 i,j=5,...,8 I i=l 

i<j i<j 



D=t'^i-t^)\i-ttr n (b^-b^f n (b.-b.r/iik'. 

(5.3b) 



jj=l,...,4 i,j=5,...,8 I i=\ 

i<j i<j 
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6 A^^^*-suri3ice 

We construct the A\ -surface by blowing up P x P at eight points. These 
eight points and a curve passing through these points are 

{fi9o + fo9i - 2tfogo){figo + fo9i) = 0, (6.1) 

r . Ul:h, + t,l:t-h) (z = l,...,4), 

Pi- {hi ■ hi, 9oi ■■ 9u) = S , 1 , s ... o^ ^^-^^ 

[(1 : 6i, 1 : -bi) (z = 5, . . . ,8). 

The A^^^*-surface discrete Painleve equation {dP{A^i^*)) has the following 
trivial solution. 

(/oc/lc^Oc^lc) = (0, 1, 0, 1) 

and we have the following theorem: 

Theorem 5. dP{A^^^*) can be written in the form \2.4\ )- 
C, D ^ are 

C = m^{t + t)^ H ik-bjf H {b,-b,)\ (6.3a) 

j,j=l,...,4 jj=5,...,8 

i<3 i<j 

D = m\t + tt W {h-b^f W {h-b^f. (6.3b) 

jj=l,...,4 ij=5,...,8 

i<3 i<j 

7 742^^-surface 

We construct ^2"*^^ -surface by blowing up P^ x P^ at eight points. These eight 
points and a curve on which these points lie are 

hgoihgi - k%) = 0, (7.1) 
r(l:M, 0:1) (« = 1,2), 

P^■■ (/o. : /i., 90^ : 9u) = fo ^ 1' ^ ^ = 3, 4), (7.2) 

[(l:6„l:J-) (z = 5,...,8). 

The A2^''-surface discrete Painleve equation {dP{A^2'')) has the trivial so- 
lution 

(/oc/lc^Oc^lc) = (0, 1, 1, 0) . 
If we write dP{A^2^) in the form ()2.4|1 . then both sides of ()2.4a|l are 0. 
However we can derive the following expression from the form of dP{A^^^). 
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Theorem 6. dP{A^2 '') cow be written as 
det {v, vi, V2, V3, V4, V5, ve, V7, Vs, Vc) det {v, Vi, V2, Vs, V4, V5, Vq, vj, Vs, Vc) 



i,j=5,...,8 
i<j 



(7.3a) 



X (^Oc^i - ^icfo) {goc9i - 9ic9o) n (-^Oi-^i ~ -^li-^o) ' 



1=1 



det (m, Ml, W2, M3, M4, M5, UQ: U7, Ms, Mc) det (m, Ml, M2, M3, M4, «5, «6, «7, «8, «c) 



= t%b, - b^fib, - b,f n - ^^•)' / n 



i,j=5,...,8 
i<j 



1=3 



(7.3b) 



where 



8 

X (/oc/i - /ic/o) (^c A ~ Ac /o) n ^^Oi^i ~ 9u9o) , 

1=1 



= * (0 1 0) . 



8 Ag^^ -surface 

We construct the ^3^'' -surface by blowing up x at eight points. These 
eight points and a curve through them are 

fofi9o9i = 0, (8.1) 
■(1:6,,0:1) (i = l,2). 

Pi- ifoi ■ fii: 9oi ■■ 9li) = < 



The Ag^^-surface discrete Painleve equation {dP{A^^')) has the trivial so- 
lution. 

{focJic,9oc,9ic) = (0, 1, 1, 0) , 

for which we have 



(0:1,1:^) (i = 3,4), 
(1:M,1:0) (i = 5,6), 
^(l:0,l:^) (^ = 7,8). 



(8.2) 
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Theorem 7. dP{A^r^^) can be written as 
det (f , Vi,V2, f3, V4, fg, Vq, f 7, vs, Vc) det (t), Wi, ?72, ^^'3, v^, V5, Vq, vr, tJg, Vc) 

(8.3a) 



1 / b^bihb^^ ^ 



(&i - 62)^(&3 - b,Y{b, - 66)2(^7 - b,)m \bib2b,be 
X ^7i^i(/i - 6i/o)(/i - &2/o)/o'(/i - &5t/o)(/i - M/o)/i', 
det (m, Ml, U2, Us, U5, Me, ^7, Ug, Uc) det (u, Ui, M2, ^^4, M5, ^g, Uc) 



(&1 - 62)2(^3 - &4)2(65 - b^fib^ - bs)H^H 

X /o/ofi'o^(fi'i - l/&35'o)(fi'i - 1 /Mo) 5-1 ^(5-1 - t/b7go){gi - t/bsgo), 



(8.3b) 



where 



= Uc = * (0 1 0) . 



If we expand the determinant in ()8.3|) . we obtain 

9i9i ^ (/i - &5^/o)(/i - betfo) 
Mo (/i - &i/o)(/i - &2/0) 
/lA ^ (^'1 - t/bYgo){gi - t/bsgo) 
fofo {91 - ^/h9o)i9i - 1/Mo) ' 

This is exactly g-Pyi 0- 



^.4a) 
^.4b) 



9 Discussion 



In this paper we presented a new representation of discrete Painleve equa- 
tions. Up to now, the complexity of some of the difference Painleve equations 
prevented us from studying their properties. It is our hope that these new 
forms of these equations, especially for dPi^J^^^), dP{A'^^*), and dP{A'^^**) 
which have Weyl groups of type will prove useful in such analysis. 

Acknowledgement. The author would like to thank K. Okamoto and H. Sakai 
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comments. 
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